Abstract The study investigates the reliable computation time (RCT, termed as T c ) by applying a double-precision computation of a variable parameters logistic map (VPLM). Firstly, by using the proposed method, we obtain the reliable solutions for the logistic map. Secondly, we construct 10,000 samples of reliable experiments from a time-dependent nonstationary parameters VPLM and then calculate the mean T c . The results indicate that, for each different initial value, the T c s of the VPLM are generally different. However, the mean T c trends to a constant value when the sample number is large enough. The maximum, minimum, and probable distribution functions of T c are also obtained, which can help us to identify the robustness of applying a nonlinear time series theory to forecasting by using the VPLM output. In addition, the T c of the fixed parameter experiments of the logistic map is obtained, and the results suggest that this T c matches the theoretical formula-predicted value.
Introduction
The logistic map was originally introduced to study biological growth in ecology, and, currently, it has become a classical chaotic system in the study of chaotic dynamics and nonlinear prediction (May 1976) . In recent years, along with the development of non-stationary theory, the variable parameters logistic map (VPLM) was introduced and used to study the effects of non-stationary forcings and their predictability (Wang and Yang 2010) . Studies indicate that many climate systems have non-stationary phenomena; therefore, the investigation of this simple driven forcing model is valuable for helping to understand the rules of the real climate system. The classical logistic model is x i + 1 = ax i (1 − x i ). When this model is applied to investigations, the influence of rounding errors is often ignored. Oteo and Ros (2007) studied the influence of a double-precision floating-point computation for a fixed parameter (a = 4) logistic map. They found that when i is above 50, the result of double-precision deviates from the correct result. Oteo's work suggests that we can use a quantitative experiment to study the effects of rounding errors for a discrete dynamical system. In addition, this experiment can be used to analyze the reliable computation time of the logistic map in a double-precision computation environment.
Previous studies mainly focus on the fixed parameters logistic map system (i.e., a is constant). However, in practical applications, we will consider a logistic map that controls parameters that are time-varying when considering the external driving force (Wang and Yang 2010; Wang et al. 2011 ). This type of VPLM system will also be affected by rounding errors when simulated in a double-precision environment; however, generally, the changing rule of this map is more complicated than that of the fixed parameters map. If we do not achieve the reliable numerical solution and know its effective computing time, we may misunderstand the conclusions deduced from the VPLM output. In this study, we apply the reliable computation method to obtain its reliable solutions, and then, we obtain its mean effective computation time using 10,000 samples for a double-precision float-point computation.
The reliable computation method for VPLM
To address the lack of float-point computation accuracy, researchers have developed a software library named BMP( multiple precision) (Brent 1978; Oyanarte 1990 ). Wang et al. (2006 Wang et al. ( , 2012 applied this MP tool to investigate the Lorenz equation, and their results indicate that increasing the float-point precision is valuable to obtain the reliable solution for a chaotic system. To obtain the reliable solution for the VPLM system, we use the 2000-bit (or above) precision MP program for computation. This procedure is the same as the procedure we applied for the fixed parameters logistic map.
Once we obtain the reliable solution for the VPLM, we then apply it to evaluate the reliable computation time (T c ) in a double-precision computation environment.
There are two ways to obtain the reliable computation time of a chaotic system. One is the theoretical analysis, and the other is by numerical experiments. The previous studies indicate that when a = 4.0, the Lyapunov exponent of the logistic map (x i + 1 = ax i (1 − x i )) is 0.693 (Wolf et al. 1985) . The analytical solution for this map (Oteo and Ros 2007 ) is x n ¼ sin 2 2 n arcsin ffiffiffiffi ffi x 0 p À Á , which can be regarded as the cross-point of the continuous functions x t ð Þ ¼ sin 2 2 t arcsin ffiffiffiffi ffi x 0 p À Á and y(t) = t for positive integer numbers. The subscript i in function x can be regarded as time (unit: second). Once we know the above relations, we can apply the theoretical formula between the reliable computation time T c and the Lyapunov exponents to compute the T c of the logistic map. Wang and Li (2014) show that the relationship of T c and the Lyapunov exponents is T c ≈ lnB λ K; where B is the base number of the float-point computation. For example, B = 2 is binary, B = 10 is decimal, and K is the number of significant digits in each system. For a double-precision computation in which B = 2 and K = 53, after substituting these values into the formula, we obtain T c ≈ ln2 0:693 53≈53; which indicates that the maximum effective computation time of the logistic map is approximately 53 s in a double-precision computation. We will validate its correctness in an experiment in Section 3.
Different from the fixed parameters logistic map, the difficulty in calculating T c in the VPLM system is that the Lyapunov exponents of this system vary with time; therefore, we cannot obtain their values from the theoretical formula, but we can obtain them from numerical experiments. For the result to have statistical meaning, we ran 10,000 experiments as individual samples. Because the solution range of the VPLM is within (0, 1), we can obtain 10,000 initial values, which are uniformly distributed in this interval. For each initial value, we compute the solution by a double-precision (DP) and multi-precision (MP) computation simultaneously. The difference between the DP and MP solutions begins at zero and increases over time. When the error reaches the tolerance δ = 0.1, we denote this time as the reliable computation time, corresponding to this initial value. Finally, we obtain 10,000 T c values for 10,000 samples and then can obtain the mean reliable computation time.
The reliable computation result of VPLM
We use the initial value x 0 = 0.1 to compute the logistic map
First, we apply a double-precision computation to obtain a series of x (i = 1, 2,..., 2000) and then, using the MP program, compute the corresponding reliable solution as the reference solution. In this experiment, the computation precision is set as 4096, which is sufficient to theoretically obtain the first 2000 reliable data (in Table 1 , we only listed the first 100 values. All of our programs are written in C language and run on a Linux system. The DP solution was computed by C language internal functions, and the MP solution was computed by the MP library).
As shown in Table 1 , when i = 51,52,53, the solution of the DP computation is significantly different than the MP solution. This fact indicates that after that moment, the doubleprecision solution is no longer reliable, and, thus, T c can be regarded as 53. This value matches the theoretical result well. In Fig. 1b , we plotted an instance of the first 100 steps for DP and MP. The blue curve represents the DP computation, and the red curve represents the MP computation. The absolute error between DP and MP is shown in Fig. 1a , and it continues to increase from 10 −15 to 10 −1 and then oscillates at approximately 10
. When a is a constant smaller than 4.0, the Lyapunov exponent of the logistic map is generally smaller than 0.693. However, as long as the system is in the chaotic region, the maximum Lyapunov exponent is generally a positive constant. Thus, we can address these cases with a similar procedure as for a = 4.
The methods referenced in Section 2 are applied to obtain the reliable computing time of the non-stationary time series outputted by the VPLM (Eqs. 1 and 2). The solutions for the two different initial values (from 10,000 initial values) are listed in Tables 2 and 3 . From these results, we found that by using different initial values, the T c values of the VPLM are different as well. Thus, to obtain a statistically meaningful result, we should use sufficient samples to calculate the mean T c . In Fig. 2 , we have plotted the first 300 steps of the DP and MP computations for the VPLM (see Fig. 2b, d for the different initial values). The absolute error between the DP and MP computation is shown in Fig. 2a , c. The error reaches (a) (b) Fig. 1 Numerical solution of the fixed parameters logistic map. The initial value is 0.1. a The logarithm of the absolute error between DP and MP for the first 100 steps (log 10 ). b The solution of DP and MP for the first 100 steps; the blue and red curves represent DP and MP, respectively 10 −15 after 50 steps and then increases to 10 −1 slowly. In addition, the error curves in Fig. 2a, c are not exactly the same, which means that they have different T c values. The PDF distribution of T c for 10,000 samples is shown in Fig. 3 , in which most of the T c values are located in . The maximum T c is 303, the minimum T c is 168, and the statistical mean of T c is 231.66 (the author used 10 5 samples to compute the mean T c , and the result is 231.10, which is almost same as that of the 10 4 samples. Therefore, we can conclude that 10,000 samples are sufficient). The mean T c (231.66) indicates that when the computation time is beyond 231.66, the double-precision solution is no longer credible. In other words, the 231 (at most 303) continuous steps in the solution series follow the VPLM rules, and once the data is beyond, these steps tend to become unrelated (although we know they are not accurate, we still cannot determine the error at each step, and the only way to estimate the error is using a numerical experiment). Therefore, using these 2000 doubleprecision solutions as time series to study nonlinear prediction problems will cause the data quality to be questionable.
Conclusions
Generally, for any initial value of the VPLM map, we can obtain two series of data by the DP and MP method. One series is not a very accurate double-precision solution (accurate data is obtained only by using continuous 231 steps, and data is generally accurate beyond 303 steps as shown in Fig. 3 ). Another is a reliable series for all 2000 steps. Many people use logistic map as the conceptual system to illustrate the prediction method that suitable in the shortterm climate prediction; however, due to our results, it may have some problems. We hope researchers apply this reliable series of the VPLM to further research and make the results more reliable and convincing. The uncertainties are mostly stemming from numerical model errors. For instance, in our previous study (Liu et al. 2015) , the demonstration of numerical uncertainty of ECHAM atmospheric model is analyzed. In fact, taking the 500-hPa geopotential height as example (see Figs. 8-12 of (Liu et al. 2015) ), the global mean RCT of ECHAM5 values extends from 13.29 to 9.58 days. The zonal mean RCT indicates that the global mean RCT is almost beyond 10 days with the exception over the high latitudes in the Northern Hemisphere, and the maximum center notably situates over the tropics with value above 17.5. Moreover, the RCT over the Southern Hemisphere is about 2~3 days longer than that over the Northern Hemisphere, which suggests the RCT over the Northern Hemisphere is more sensitive than that over the Southern Hemisphere. The exist of such 10 days around RCT for atmospheric generation model (AGCM) indicates that we should carefully draw conclusion when applying the simulation result of AGCM models.
In that study (Liu et al. 2015) , the continuous dynamical system BLorenz model^is also mentioned, but the discrete dynamical system is not involved. Nevertheless, in the study of chaotic dynamics and climate prediction, previous studies apply the discrete dynamical system, such as the BLogistic map,^as the conceptual system to show their prediction idea. Therefore, we apply the reliable computation method to this logistic map and its deriving system, and it can be considered as a complementary result of the study (Liu et al. 2015) .
